COHOMOLOGY OF LIE TRIPLE SYSTEMS AND LIE
ALGEBRAS WITH INVOLUTION(})

BY
B. HARRIS

A Lie triple system is a subspace of a Lie algebra closed under the ternary
composition [[xy]z]; equivalently, it may be defined as the subspace of ele-
ments mapped into their negatives by an automorphism of order two (an
involution) in a Lie algebra; or, finally, a Lie triple system may be defined by
a set of identities.

Lie triple systems were first noted by E. Cartan in his studies on totally
geodesic submanifolds of Lie groups and on symmetric spaces [1] (see also
[10]): Lie triple systems are related to totally geodesic submanifolds in the
same way that Lie algebras are related to analytic subgroups, and the sym-
metry in a symmetric space gives rise to the involution in the Lie algebra.

Lie triple systems were studied from the algebraic point of view by Jacob-
son [6; 7] and Lister [9], the latter giving a complete structure theory includ-
ing the classification of the simple finite-dimensional systems (in character-
istic zero), the Levi decomposition, and (a special case of) the first Whitehead
lemma. Simpler axioms were given by Yamaguti [14], who has also studied
these and more general systems [15; 16].

In this paper we introduce cohomology groups for Lie triple systems and
show that the usual interpretations (in terms of derivations and factor sets)
hold for the first and second cohomology groups. In particular we obtain the
two Whitehead lemmas (in characteristic zero). Further, these cohomology
groups fit into the theory of [2]: they are the cohomology groups of a sup-
plemented associative algebra (very closely related to the universal associa-
tive algebra of the Lie triple system).

The groups may briefly be described as follows: if T is any Lie triple
system and M a T-module we can construct the universal Lie algebra L,(T)
of T and the “standard extension” M, which is an L,(T) module; an involu-
tion ¢ operates on both L,(T) and M, such that the elements mapped into
their negatives are T and M respectively, and o([}, n])=[c(}), o(n)] for
IEL.(T), n€M,. Now (in a more general situation) if L is any Lie algebra
with involution ¢ and N any L-module also with involution ¢, then ¢ also
operates on the cohomology groups H*(L, N) = Exty(®, N) (® the base field,
U the universal associative algebra of L); we assume further that the char-
acteristic is not 2, so that H*(L, N) is a direct sum of two subspaces invariant
under ¢: say H}(L, N), H:(L, N). We show that H} (L, N)=Extx(®, N)
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where K is the algebra U+ Ue (with multiplication rules ¢-l=0c(l)s for IEL,
g?=1), o operates as the identity on ®, and there exists a supplementation
of K onto ®. Coming back to T and the T-module M, we define the nth co-
homology group of T with coefficients in M, H*(T, M), as H}(L.(T), M,)
=Extg(®, M,). The n-cochains we are considering are thus the multilinear
alternating functions f of = variables from L,(T) to M, satisfying

floe(xy), - - -, a(xa)) =af(x1, + - -, x,). In particular, we may take the trivial
T-module M =®&: then M,=® also but with ¢ acting as —1, and the cochains
satisfy f(o(x1), * * +, 0(xa)) = —f(x1, - * «, %n).

A similar construction of cohomology groups for associative algebras with
an anti-automorphism of period two was given in [12]. The analogue for two-
sided modules with involution of the cross-product algebra U+ Us is used in
[5], and the theory of extensions of algebras with a group of operators is
given in [13].

1. Basic definitions. In this section we recall the basic definitions of Lie
triple systems and their enveloping Lie and associative algebras [7; 9] and,
following the general idea of [4], define modules for Lie triple systems. All
algebras, modules, etc. will be assumed to be vector spaces over a field ® of
characteristic different from two; all mappings will be assumed linear over ®.

A Lie triple system T is a vector space over ® with a ternary composition
[abc] which is trilinear and satisfies

(1.1) [aad] = 0,
(1.2) [abe] + [bea] + [cad] = 0,
(1.3) [ab[xys]] = [[abx]yz] + [x[abylz] + [wy[ads]].

Equation (1.3) says that the map x— [abx] is a Lie triple system deriva-
tion.

We will not actually use these identities but use only the fact that they
exist.

If L is a Lie algebra, with product [ab], then the ternary composition
[abc] = [[ab]c] satisfies the above identities. Conversely, it is shown in [14]
or [7] that any Lie triple system T may be considered as a subspace of a Lie
algebra L in such a way that [abc]=[[ab]c]. The construction is as follows:
let L be the vector space direct sum T@® (T ® T)~, where (T® T)~ is the factor
space of (T'® T)~ (plain ® denoting tensor product over ®) modulo the sub-
space of all Y _a;®b; such that »_[a;bx]=0 for all x in T. The product [xy]

in L is defined by:
[ab] = (6 ® b)~(a, bin T),

[(XZlabi))e] = 2laibicl,

[e(Xlab:])] = = Zlaibic],
[(Zled)(X[cd)] = Xllodicild] = [[aibidi]eil,
fora, b, ¢, dET.

(1.4
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L is then a Lie algebra, called the standard enveloping Lie algebra of T,
and denoted by L,(T) or merely L,. It is clear that the natural map of T
into L,(T) is 1-1 and L,(T)=T® [T, T] as vector space.

One can also construct a universal enveloping Lie algebra L,(T), with the
property that any homomorphism of T into a Lie algebra extends to a homo-
morphism of L,(T), and a universal associative algebra (always with identity)
U(T) with the same property relative to homomorphisms of T into associa-
tive algebras. U(T) is then also the universal associative algebra of L.(T),
the natural maps of T into U(T) and L,(T) are 1-1, and L, (T)=T® [T, T}].

From the above remarks we see that a Lie triple system may also be de-
fined as a subspace of a Lie algebra closed under [[ab]c]. Most useful for us,
however, is the following definition: There exists an automorphism ¢ of period
2 (i.e., o?=identity map) in a Lie algebra L such that T'= {l€L| a(l)=—1}.
In L(T)=T® [T, T] the automorphism is: o(t) = —¢, o([t:it:]) = [t:t2] for
¢, t;in T. o will be called the involution.

A vector space M is called a module for the Lie triple system T if the vector
space direct sum E=T@® M is itself a Lie triple system in such a way that:
(1) T'is a subsystem, (2) [abc] lies in M if any one of a, b, cis in M, (3) [abc]
=0 if any two of @, b, ¢ are in M. Equivalently, a module M is a vector space
together with a map of M@ T ® T into M satisfying the identities (1.1)-(1.3)
(and condition (3) above). E=T@® M will be called the semi-direct sum, or
split null extension, or inessential extension, of T by M.

We may also describe a Lie triple system module M in terms of a Lie
algebra module and an involution. For this purpose we define the standard
extension M,= N,(M), which will be a Lie algebra module over L,(T): let
N=N,(M) be the vector space direct sum M (MQT)~ where (MQT)~ is
the quotient space M ® T modulo the subspace { Zm;@t;l > [ms, ti, t]=0
for all t& T'}. The rules giving the structure of N,(M) and L,(T) module are
the obvious analogues of (1.4); to show these rules are well defined we proceed
as follows: first form the semi-direct sum E=T@&® M and its standard Lie
algebra (see [7]) L.(E)=E® (E®E)~. The natural injection of M®T into
EQ®E gives an injection of (M®7T)~ into (E®E)~ (the conditions that

D (m;®t;)~ be zeroin (M ® T)~ or (EQ®E)~ are the same, namely D [m;, t;, ¢]
=0in M for all t& T, since D [m;, t;, m] =0 automatically for mE M). Thus
N,(M) may be considered as a subspace of L,(E) and is in fact an ideal in
L,(E). Since L,(E) is a Lie algebra containing the Lie triple system T, the
identity map T—T CL,(E) may be extended to a homomorphism of L,(T)
into L,(E): N,(M) being an ideal in L,(E), then becomes also an L,(T) mod-
ule.

Now define the involution ¢ in L,(E) by o(x) = —x for xEE, o(x) =x for
x€ [E, E]. Then ¢ maps N,(M) into itself and o(m) = —m, o([t, m]) = [¢, m]
for m& M, tcT. It is then clear that o([}, n])=[¢(}), o(n)] for IEL(T),
nEN(T) and that M= {nEN,(T)|o(n) = —n}.
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The module N,(T) of L,(T) may also be considered as a module over U(T),
which we will write as a left module by: x-n=[x, n] = —[n, x] for xEL,(T)
CU(T). The automorphism ¢ of L,(T) induces an automorphism, also de-
noted by ¢, of period 2 in U(T), and

(1.5) o(u-n) = o(u)-o(n), foru & U(T),n E N(T).

In general, if N is a left module for an associative algebra U, or a Lie
algebra L, and there exists a 1-1 map ¢ of N onto itself, and an involution,
also denoted by o, in U, or in L, satisfying (1.5), N is called a module with
involution. Equivalently, a left U-module with involution is a left module
over an algebra K constructed as follows: as vector space K= U® U, and the
multiplication is

(e ® b)(c ® d) = (ac + ba(d)) ® (ad + bo(c)).

We shall write a+bo for a®b, so that the multiplication rules in K are:
oca=ao(a), 0?=1; we shall write U+ Uo for K. For n© N, we shall write o-n
for o(n): thus if N is a left U-module with involution, this rule makes N a
left K-module, while if N is a left K-module it is also a left U-module with
the involution o.

If T is a Lie triple system, M a module for T, then in general there are
many Lie algebra modules with involution N for L,(T) such that N=M
@[T, M] (vector space direct sum) and M= {n€N|cr(n)= —n}. Among
these the standard extension N,(M) may be characterized by the fact that
the identity map M— M extends to a homomorphism of N onto N.(M) (for
the map m+ D, [t;, m:]=m-+ D> (t:®m:)~ of N into N,(M) is well defined,
and clearly a homomorphism onto).

In the same way the standard extension L,(T) and the universal extension
L.(T) may be characterized among all enveloping Lie algebras L of T that
satisfy L=T@ [T, T]: There is a (unique) homomorphism of L,(T) onto L
and one of L onto L,(T) which are the identity on T. In particular there is a
(unique) homomorphism of L,(T) on L,(T) which is the identity on T: its
kernel is the intersection of the center of L,(T) with [T, T]. Thus if L.(T)
has no center, then L,(T) is isomorphic to L,(T).

These constructions have the following functorial properties:

1. If M, M’ are modules for the Lie triple system T, and ¢ is a module
homomorphism of M into M’, then ¢ induces a homomorphism ¢, of the
L,(T) module M,=N,(M) into M/!. If ¢ is 1-1 or onto, then ¢, is 1-1 or onto,
respectively.

2. If T, T’ are Lie triple systems and ¢ a homomorphism of T into T7,
then ¢ induces a homomorphism ¢, of L,(T) into L,(T”), which is onto if ¢ is
onto. Further, if ¢ is onto, it induces a homomorphism ¢, of L,(T) onto L,(T").

The above homomorphisms all commute with the involution .

2. Cohomology of Lie algebras with involution. In this section we consider
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Lie algebras L with involution ¢, and L-modules N with involution, and study
the effect of ¢ on the cohomology groups of L with coefficients in N. In the
next section we will apply these results to L=L,(T), T a Lie triple system,
and N=M,=N,(M), M a T-module.

The cohomology groups H*(L, N) of L with coefficients in N are defined
[2, Chapter 13] as Ext}(®, N) where U= U(L) is the universal enveloping
associative algebra of L, the structure of the base field ® as U-module being
given by a supplementation ¢: U—®. We also have present the involution o
so that we can form K= U+ Uos: we shall show that K has some of the im-
portant properties of U, and will study the effect of replacing U to K.

The properties of U we shall consider are [2, Chapters 10, 13]:

1. The supplementarion e: U—®.

2. A homomorphism E of U into U*=U® U* (U* being the algebra anti-
isomorphic to U under the map #—u*) such that

€
U—®
E| In

U U
p

is a commutative diagram (n denoting the map a—al, p the map a @ b*—ab),
i.e. E(I) CJ, I being the kernel of € and J that of p.

3. J=Ue¢-E(I) and U* is a projective right U module (U* being a right
U-module under the map (a®b*) -c=(a ®b*)E(c) for ¢€ U) so that [2, Theo-
rem 10.6.1], if we make a left Us-module N into a left U-module gN by the
map E, then Ext}(®, gN) is isomorphic to Exty(U, N).

4. There is an “antipodism” (isomorphism) w of U with U* so that
D=wE: U-EUQU*—®UQ®U is a homomorphism (actually an isomor-
phism), called a diagonal map.

Since U is a subalgebra of K, and U¢ of K=K ® K*, we shall use the
same letters as above for the maps involving K. We define the supplementa-
tion € of K onto ® by €(¢) =1, and € as before on U, i.e., e(a+bo) = e(a) +¢(b).
The kernel I, then contains the kernel I of the restriction of € to U: in fact
Io=I+Ic+®(1—0). Since ¢(I)=1I in U and U=®1+1,it is clear that € is
a homomorphism of K onto ®.

The map E of U into U will be extended to a map K—K* by setting
E(0)=0Q®c*: ie., we let E(a+bo)=E(a)+E(d)(¢®d*). For xcLCU,
E(x)=x®1—1Qx*. It is easy to check that E(¢)E(x) = E(ox) for x&L, and
since L and 1 generate U, E(0)E(a) =E(oa) for all a€U. Finally, E is a
homomorphism. E is 1-1 since the homomorphism 1®¢*: KQ K*—K by
(1 ®@€*)(a ®b*) =ae(b) satisfies (1Q€e*)E(x) =x, (1Q€*)E(s) =0, (x&L) and
so (1®e*)E(k)=Fk for kEK.

The kernel J, of the map K*—K is the left ideal in K generated by the
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elements (¢®1—1Q®#%*) and so Jy contains J, the kernel of the map Us—U.
We show first that Jo=K*-E(ly): Iy=I+1Ic+%(1—0¢)=I+cI+P(1—0); it
is known that E(I) CJCJ,, thus E(¢I)=E(e¢)E(I) CJ, also, since Jy is a
left ideal, and finally E(1—0)=1®1*—0Q®c*=(c®1)(c®1*—1Qc*)E J.
Thus E(I,) CJo and JyDK¢-E(I,). Conversely, we have to show k®1
—1®k*CSKe-E(Iy) for kEK. Let k=a+bo, kQ1—-1Qk*=(@®1—-1®a*)
+ Gr®1 —-1Q (bo)*). (@ ®1 —-1Qa* &€J = Ue-E(I) C K*-E(1,).
e ®1—-1QM)*) =(be®1—-1Qc*H")=0Q01)0c®1 —1Qc*
+(1®c*)(b®1—1®b*). Since (®1—-1®0¢*) =(c®1)E(1—0)EK*E(l,),
k®1—1Qk*E K- E(l,) also. Next, K% is right K-projective (K% denoting
Ke as right K-module under the map E): to show this we first define the iso-
morphism w of K and K* by w(s) =c¢* and, on U, (if x;€L), w(x: « - - xp)
=(—1)?(xy - - - x}) so that w(a+bo) =w(a)+w(b)w(s), so that D=(1Qw)E
is an isomorphism of K into KQK. ((1Qw)(e®b*)=aQ@w(b*)). Then K§ as
right K-module is isomorphic to (K®K)p and D(x) =x®@1+1Q®x for xEL,
D(0)=0Q®q. (U®U)p is a free right U-module [2, Chapter 13, Proposition
4.1] with a basis consisting of monomials m;= (% ®1) - - - (x.®1), {x,} a
basis for L (since U® U=U(L®L) and the subalgebra {x®1+1®x} of
L®L has a basis of the form {x;®1+1®x;}, while these elements together
with the {x;®1} form a basis for L&L). In fact we may also assume that
x=0a(x;)=+x; and so, in KQK, m;(c®0c) =+ (¢ @c)m;.

Since K=U+0oU, K®K is the vector space direct sum UQ U® (¢ Qo) U
QUBOERNURUO(1®0)UQU. Since UQU= Y ®m;-U as right U-
module, UQ U+ (e Qo) UQ U= Y ®m;-K is a free right K-module with gen-
erators m;: first, the m; are generators since (6 @o)m;= +m;(c Q)= +m; 0o
= +m;D(s), and if Zm;-k.: Zm;D(ki)=0 for B,EK, ki=a;+0ob; then
0=Y.mD(a;) +(e®a)mMDB)CURUS (¢ ®c)(URU) and so Y. mD(as)
=0= y_m;D(b;). But since the m; are a basis for (U® U)p, D(a;) =D (b)
=D(k;)=0. In the same way, the elements (¢ @ 1)m, are a basis for (c®1)U
RU®(1Q®c)URU. Thus (K®K)p is right K-free.

Thus, by [2, Chapter 10, Theorem 10.6.1] we have

THEOREM 2.1. If A is any left K*-module, so that g4 is a left K-module, then
Extk(®, gA) is isomorphic to Extye (K, A).

COROLLARY 2.1. Let M, N be left K-modules, then Extx(M, N) is isomorphic
to Extx(®, Homs(M, N)).

[Home(M, N) is a left K-module under (¢ -k)(m) =ah(c(m)) and (x-k)(m)
=x-h(m) —h(x-m) for xEL.]

Proof. The above definition of H=Home(M, N) as left K-module is the
same as starting with H as left K¢ module in the usual way: (k-k)(m) =k-h(m),
(h-k)(m) =h(k-m) and then making it into the left K-module gH. Then,
Exty(®, gH) is isomorphic to Extk(K, H) and, by [2, Chapter 9, Corollary
4.4], Exty (K, Home(M, N)) is isomorphic to Extk(M, N).
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Next, we note that K is projective, even free, as left (or right) U-module,
since K= U+ Us= U+ U.Therefore, for any left U-module 4, Tor?(K, A)
=0 for n>0, and so, by [2, p. 118] we have the isomorphism

(2.1) Extx(K ®vu A4, C) ~ Exty(4, C),

for any left K-module C. In particular, let 4 =® as left U-module: then
KQub=UQuP+ocUQuP=1QyP+0cQ@u®P. At this point we employ the ele-
ments e=(14+0)/2, f=(1—0)/2 which are orthogonal idempotents in K with
sum 1; then KQuP=eQuP®f@vP (direct sum as left K-modules). e®y® is
isomorphic to ® as left K-module as defined before (i.e., with o acting as the
identity) under the map e®ya—a, while ¢(fQ@ua) = —f®ua (since of = —f)
so that f®y®, which will be denoted by = with f@ya denoted by e, is iso-
morphic to ® as left U-module but ¢ acts as —1 on it. Then (2.1) becomes

(2.1)  Exty(®, C) ~ Extg(®, C) @ Extg(®d,C)  for anyleft K-module C.

We now proceed to construct a specific resolution of ® as left K-module.
We start with the usual resolution of ® as U-module.

d.
2.2) D URMBUG Ar— - U S—0

where A is the exterior algebra on the vector space L, A, the subspace of
homogeneous elements of degree n of A, and

2.3) @@t A - ANw) =2 (mD)"ax; @ m A - - A& -+ A %a
. il

+ 2 (—DFe @ [wax] Ama A A&A - ANZGNA-+ N Zn
<j
Following the reasoning [2, Chapter 6, §4] leading to (2.1) and (2.1’), we
form the left K-modules V,=KQ®u(UQA,)~KQ®A, and KQuydP~>dI—.
Since Y,=K®uX, and the X, are a U-projective resolution of ® with the
differentiation d, of (2.3), if we extend d, to the ¥, by dn(kQux.) =k Qu(dnxs),
the Y, with this differentiation will be a K-projective resolution of K ® y®
(since K is U-projective). Writing ¥, as K @ A, we see that d, is given by the
formula (2.3) again (but @, in (2.3), being now an element of K). The map
K=Y,—KQ®u® is given by 6 >0 ®ul, a—e(a) for a& U.
The direct sum decomposition K @y®=®@P~ will now be extended to
a direct sum decomposition (as K-module) K@uXa.=Ya=Y,*® Y, such
that the Y,* (with differentiation induced by d.) form a K-projective resolu-
tion of ®, and the Y,- of —. We set

Vot = {6 ® M+ a0 ® M| e E U, \ € A}

(2.4) = (Ke ® Aw*) ® (Kf ® An”)
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where A—\’ is the automorphism of A induced by the automorphism ¢ of L,
and At = (M € AN =N}, A = (A EALN = — N} (recall that
e=(1+40)/2, f=(1—0)/2). Similarly,
Y- = {a ® A\ — a0 ® \a| 6 €E U, \, € AL}

= (Ke ® Ay-) @ (Kf @ An¥).

To show that d.(V,*) C Y(n_y* and d(V,~) C Y(.—1)- we note that, if we write
(@®N\,) -0 for ac @\, (aE U, \.EA,) then d, satisfies

(2.5) da[(a ® \) o] = [dn(a ® N\)] -0,

therefore

2.4

da(@ @ A+ a0 @ \y) = du(a ® A + (2 ® \,)+0)
= n(a ® )\n) + (dn(a ® )\n))'a' E Y(n—l)+-

The map Yo=K onto KQuP=20P =e®@yPDf®yP is given by
d—0Qul, and a—e(a)-1 for a€U. Thus e=(1—-0)/2—e@ur1EP, and
f—f®ul in . This map therefore sends Y+ onto ®, Yy~ onto ¥, and its
kernel in Yo+ is d,(Y,*) and similarly for Y.

Finally, the V,* furnish a projective resolution of ® as left K-module, and
the Y, of .

Let now N be a left K-module, and let

C" = Homg (¥, N), C; = Homg (Yu+, N), C- = Homg (Y., N)

so that C»=C? @ C". The map d. then induces a map 8*: C*—C»+t, Ct —C7H,
C* —»C™; Itis clear that C*, for n 21, may be identified with the vector space
of all multilinear alternating functions of » variables in L with values in N,
while C} consists of those functions f which satisfy the additional condition

(2.6) Y S ) = o(f(my e, %)

and similarly the fEC® satisfy f(x{, - - -, x3) = —a(f(x1, - - -, %n)).

We let Z», Z"., Z" be the kernels of 6" in C*, C}, CZ respectively, also
B, B%, B" the images of 6!, and H", H}, H" be the quotient spaces Z*/B",
Z%/B%Y, Z% /B respectively. Thus H*=H} @ H”. HY}, which we shall denote
also by H} (L, N), is thus obtained by taking those functions f on # variables

¢« which are cocycles for the usual coboundary operator and satisfy in addition
(2.6), modulo the coboundaries of functions satisfying (2.6) with n—1 for n

(or, equivalently, modulo those coboundaries which satisfy (2.6)).
_ Next we consider interpretations of the groups H} (L, N) for n=0, 1 and 2.

H} =H}(L, N)=Homg(Ke, N)/Homg(®, N) consists of the subspace of
N, =¢N of elements z such that [x, n] =0 for all x€L, i.e. the submodule of
invariants of N..
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H)=H (L, N) consists of those derivations f of L into N such that
f(e(x)) =a(f(x)), modulo inner derivations of the form f(x) =[x, ] with
nEN+=8N.

Another interpretation of H} is in terms of extensions of K-modules
modulo inessential extensions: if N, N’ are K-modules and E an extension
of N by N, i.e., 0—»N'—'E—?N—0 is exact, then the group (as defined in
[2, Chapter 14]) of such extensions E modulo the inessential extensions, is
isomorphic to Extkx(N, N’), which, by Corollary 2.2, is isomorphic to
H (L, Hom¢(N, N')) = Extg(®, Home(N, N)).

The group H3 (L, N) is connected with extensions of Lie algebras with
involution, i.e., extensions 0—N—'E—?L—0 such that N, E, L are all Lie
algebras with involution ¢ (N being an abelian ideal in E) and ¢, p commute
with ¢. Such an extension E yields a 2-cocycle g&Z% (L, N): choose a linear
map q of L into E such that go=0q and pq(l) =1 for IEL (a “linear inverse”
to p), and let g(x, y) = [g(x), ¢(»)]—g([x, ¥]) for x, yEL. Then g(x*, y7)
=0gg(x, y) and dg=0. Any other choice of a map ¢ satisfying these conditions
would merely alter g by the addition of an element of B% (L, N).

Conversely, given g€Z% (L, N) one can construct an extension E as the
vector space direct sum E=N@ L, with multiplication

[("1 53] x)’ (”2 @ y)] = (["1’ y] - [”27 x] + g(x9 y)) 5] [x’ y]

and involution ¢(n®x) =0 (n) ®a(x). Then E is a Lie algebra with involution,
and the maps 7: n—n @0, p: (n®x)—x of NoE, E—>L, commute with o.

One can then verify that the correspondence g«>E gives a 1-1 correspond-
ence between Hi(L, N) and the equivalence classes of extensions E of L by
N (as Lie algebras with involution) ; the zero element of H% (L, N) corresponds
to the class of inessential extensions E, i.e., those for which there is a Lie
algebra homomorphism ¢ of L into N such that go=0g¢ and pq(}) =1 for IEL.

3. Cohomology of Lie triple systems. Let T be a Lie triple system, M a
T-module. We define the nth cohomology group of T with coefficients in M,
H*(T, M) as the group H}(L.(T), M,) defined in the previous section, where
L,(T) is the universal enveloping Lie algebra of T and M, is the standard
extension of M, and the involution ¢ acts on L,(T) and on M, as explained
in §1. Thus H} (T, M) = Extk(®, M,) and is a direct summand of the ordinary
nth cohomology group H*(L,(T), M,).

We start by examining the Oth, 1st, and 2nd cohomology groups for
arbitrary T and M, making no assumption on the dimension of T and M as
vector spaces over the field ® or on the characteristic of ® (except the stand-
ing assumption that the characteristic is not two); at the end of the section
we specialize to finite-dimensional semi-simple T" and ® of characteristic zero,
and obtain the analogues of the two Whitehead lemmas.

As shown in §2, HY(LJ(T), M,) consists of the invariants of (M,);=eM,
= [T, M]: by the definition of M,, however, the only such invariant is zero.
Thus H(T, M)=(0) for all T, M.
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We define a derivation D of T into M as a linear transformation satisfying
(3.1) D([x’ Y, z]) = [D(x), Y, z] + [x’ D(y)) z] + [x’ b D(z)]°

([a, b, c] denotes [[ab]c] = [c[ba]] whenever it is permissible to use the opera-
tion [ab].) Equivalently, D is a derivation of T into M if and only if the map
h: x—x®D(x) of T into the semi-direct sum E=T@® M is an isomorphism into
E.

ProvrosiTiON 3.1. Every Lie triple system dertvation D of T into M can be
extended uniquely to a Lie algebra derivation Do of L,(T) into M, such that
Do =0aDy; conversely, every Lie algebra derivation Dy of L,(T) into M, satisfy-
ing Do =0D, induces a Lie triple system derivation of T into M. Dy is inner if
and only if D has the form

(3'2) D(t) = Z [t’ [tiy mi]]) tt’ E T) mi E M.

Proof. Let G=L,(T) ® M, (semi-direct sum) and G_=T® M, G, = [T, T]
® [T, M]so that G=G_®G,. Let D be a derivation of T into M, h: t—t®D(t)
the corresponding homomorphism of T into E=T@® M. Since L,(T) is the
universal Lie algebra of T and since % is a homomorphism of T into the Lie
algebra G=E® [T, E], k can be extended uniquely to a homomorphism &, of
L,(T) into G.

Since h(t) —tE M for tE T, and since k¢ is a homomorphism of Lie algebras,
ho([t, 1) = [t, £]E [T, M] for t;ET, and so he()) —IEM & [T, M]= M, for
IEL,(T). Thus ho(}) =1®D(})EL.(T)® M, and D, is a derivation of L,(T)
into M, which agrees with D on T. Since Do(T)C M, Do([T, T)CS [T, M],
and ¢Dy=D. D, is uniquely determined by D since T generates L.(T).
Conversely, it is clear that any D, satisfying Do =0¢D, maps T into M and
so induces a Lie triple system derivation of T into M.

Finally, let D, be inner: Do(}) = [l, n] where n=n_©&n,EM& [T, M].
Taking I=¢E T and using the fact that Do =0D,, we find that [t, n_]=0 and
Do(t) = [¢, ny] (so that Do(}) = [}, n.] for all IEL,(T) also). But 7., being in
[T, M], has the form D_; [t;, m:], and so D () = Do(¢) satisfies (3.2). The con-
verse is clear. Thus the proof is complete.

A Lie triple system derivation is called inner if it satisfies (3.2). Thus
Proposition 3.1, together with the considerations of §2, yields

THEOREM 3.1. The group H'(T, M) is isomorphic to the group of derivations
of T into M modulo the subgroup of inner derivations.

Next we consider algebra extensions and the second cohomology group.

Let E, T be Lie triple systems, p a homomorphism of E onto T with ker-
nel M: thus 0»M—iE—?T—0 is exact, + denoting the injection. We shall
always assume that, if x, y, 2EE, [x, v, 3] =0 if any two of x, y, z are in M:
then M is a T-module in the natural way. All such extensions E of T by M
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(M being a T-module) may be const ' cted by means of factor sets f(x, ¥, 2),
which are alternating tri-linear maps of TXT X T into M satisfying certain
identities: as vector space E= M@ T, and the multiplication in E is given by

(3.3) [0® 1), (0@ ta), (0D ta)] = f(ta, ta, ta) ® [y, 13, ta]

together with the T-module structure of M. Thus f has to satisfy certain
identities obtained from the multilin~ar identities (1.1)—(1.3); further, each
of these identities consists of sums of nionomials which are of first degree in f,
so that the factor sets form a vector space over the base field. We shall show
that the group (actually vector space) of factor sets modulo the subgroup
(subspace) of trivial factor sets is isomorphic to the second cohomology group
H*(T, M): the trivial factor sets are defined to be those associated with
inessential extensions E, i.e., those extensions for which there exists a Lie
triple system homomorphism g of 7" into E such that pg(¢) =¢ for tET; equiv-
alently, a factor set fis trivial if there is a linear map & of T into M such that

(3.4) f(ts, ta, ts) = h([ts, ta, ts]) — [i(11), o, ts] + [B(t2), ta, ta] — [tn, ta, B(t3)]
(see [9]).

THEOREM 3.2. The group H*(T, M) is isomorphic to the group of factor sets
of T into M modulo the subgroup of trivial factor sets.

Proof. We shall associate extensions of Lie triple systems to extensions of
Lie algebras with involution, and then use the correspondence between the
latter and elements of H2 (L,(T), M,) = H*(T, M) discussed in §2. The main

step is:

LeMMA. Let 0— M—*E—?T—0 be an extenston of T by M. Then there exists
an extension of Lie algebras with involution 0— M,—%G—?L,(T)—0 of L,(T)
by M, such that the following diagram 15 commutative (j denoting injections):

A 4
0—-M >E—->T-0
i i i
0—>M,— G- L(T)—0.

Proof. The homomorphism p of E onto T induces a homomorphism p’ of
L.(E) onto L,(T) which commutes with . We show first that the kernel of
p' is the ideal I=M+[E, M] in L,(E) generated by M. We will then define
G as the quotient of L,(T) by another ideal JC1I such that I/J is isomorphic
to M,.

It is clear that I=M+[E, M]Ckernel of p’ since M Ckernel of p’. On
the other hand, the natural homomorphism r of L,(E) onto L,(E)/I induces
a homomorphism of E into L.(E)/I and maps M into zero, thus r can be fac-
tored through L.(T),
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L.(E)
r.// \\ P’
Lu(E)/1& L(T)

r=gqp’. Thus kernel of p’Ckernel of r=1I, and so kernel of p'=1I. (Since
o(I)=1, ¢ also acts on L,(E)/I so that ra =gr. Since p'c =0p’ and p’ is onto,
go =0q also.)

We now define the ideal J in L,(E) as J= {zE[E, M]l [x, a] =0 for all
aEE}. Since [J, E] =0 and E generates L,(E), [J, L.(E)]=0. Also, o(x) =«
for all x&€J, and so JNE =(0).

Let G=L,(E)/J, and j the natural homomorphism of L,(E) onto G. j is
1-1 on E, and so may be regarded as an inclusion map on E. G is also a Lie
algebra with involution ¢ and ¢j =jo, since 0(J) =J in L,(E). Since JCI, the
projection p’ of L,(E) onto L.(T) induces a homomorphism p, (also commut-
ing with o) of G onto L,(T): poj=2 on Ly(E). JD[M, M] since [x, y, 2] =0
in E whenever two of x, ¥, zare in M, so [j(M), j(M)]=0in G. The kernel N
of pois j(I) =j(M® [E, M])=j(M) ® [i(E), j(M)].

Let ¢ be a 1-1 linear map of T'—E such that pq(t) =t for t&T, then
E=M®q(T) as vector space, so j(E)=j(M)®jqg(T). The kernel of po may
then be written as N=3j(M)® [j(E), j(M)]=3i(M)® [jg(T), j(M)], since
[i(M), §(M)]=o0.

N may be considered as L,(T) module by [¢, n]= [jg(t), n] (this is inde-
pendent of the choice of ¢ since [j(M), j(M)]=0 and [[ig(®), j(m)], j(m")]
=37([q(t), m, m']) =0). The induced structure on j(M) as Lie triple system
module for T is then isomorphic to M as T-module, under the map
m—j(m): [7(m), jq(t), 5¢@¢")]=7([m, ¢t, #']). We have to show N is isomorphic
to M, as L,(T) module.

Since N=j(M)® [jq(T), j(M)]=j(M)® [T, j(M)], there is an L.(T)
homomorphism of N onto M, taking j(m)—m, [j(m), t]—[m, t]. To show this
map is 1-1, we suppose that 2 [j(m.), t;]— 2 [m: t;]=0 (the map being
known to be 1-1 on j(M)). Then Z[m,-, ti, t]=0in M for all t€T, and, in
E, X [ms, q(t:), ¢®)]1=0. Thus X [m;, q(t:)JE T (since 3 [[ms, g(t)], m]=0
automatically for mE M), and, applying j, 2 [i(m), jq(t) )= 2. [i(ms), t:] =0
in G.

Finally, it is clear that the given diagram is commutative if j also denotes
the inclusion of T into L,(7T). This concludes the proof of the lemma.

To each factor set g of L,(T) into M, satisfying g(o(x), a(y)) =0g(x, ¥)
(i.e., element of Z% (L,(T), M,)) we shall assign a factor set f=a(g) as follows:
from g we construct an extension G of L,(T) by M, as in the last section:
G=M,®L,(T) as vector space, the involution is ¢(n®x) =0(n) o (x), and
the multiplication is determined by: [0©x, 0®y]=g(x, y)® [, ¥]. Thus
E=M@®&TCG. We then have the exact sequence 0— M,—‘G—?L,(T)—0, and
(by restricting the map 7 to M, p to E=T & M) the exact sequence 0—M—‘E
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—?T—0, i.e., we also have an extension E of T by M. The multiplication in
E=M®T is determined by

(3.5) [[0® 1,0 @ £5], 0 @ ts] = f(ts, ta, ts) ® [[ts, t2], ta]
where
(3.6) £t ta, ts) = [g(ts, 1), ta] + g([ts, 8], 83).

In short, f=a(g) is determined by (3.6). It is then clear that « is a linear
map of Z3(Lu(T), M,) into the space F of factor sets f of T into M.

If the factor set g is trivial, i.e., €B%(L.(T), M,) then, in terms of the
extension G—?L,(T), there is a Lie algebra homomorphism ¢ of L,(T) into G
such that pq(!) =1 for IEL,(T), and go =0q. Thus ¢ maps T into E and so the
factor set f is also trivial. Explicitly, if ¢(!) =h(l) ®1 where k€ C}(Lu(T), M.)
then f satisfies (3.4) with this function A.

Conversely, suppose f=a(g) and f is trivial. Using the extensions G of
L,(T) by M, and E of T by M just described, we have a homomorphism of
Lie triple systems g of T into E such that pq(t) =t for t&T. Since L,(T) is the
universal Lie algebra of T, and ¢ is a homomorphism of T into the Lie alge-
bra G, q can be extended to a homomorphism ¢, of L,(T) into G. Since
qo(T) CE, qo([T, T]) C[E, E] and so g =0qo. Finally, pge(t) =¢ for tET,
and so pqo is the identity on L,(T). Thus g is also a trivial factor set.

Finally, the map a is onto F: given fE F, we construct an extension E of T
by M with this factor set, i.e., we find a linear inverse ¢ of p such that f(¢,, ¢, t3)
=[[q(t), q¢(t2) ], q(ts) ] —gq([t1, ], ts]). By the lemma, we can construct a cor-
responding extension G of L,(T) by M, such that the projection p, of G onto
L,(T) agrees with p on E. Then g can be extended to a linear inverse ¢o of po,
mapping T into E, [T, T]into [E, E]. If g(x, 3) = [ge(x), ge(») ] —go([, ¥])
then f(ty, t, ts) = [g(ts, &), ts]+g([ts, 2], ts) so f=a(g). Thus « is an isomor-
phism of H3(L.(T), M,) onto the group of factor sets of T into M modulo
trivial factor sets.

For the rest of this section we shall specialize to ® of characteristic zero
and finite-dimensional T and M. The radical of T can then be defined (see
[9]) as the maximal solvable ideal (an ideal I being a subspace such that
[, T, T] CI,and solvable meaning that theseries I = I, I#+D = [T, ™ [®™]
terminates with zero). If the radical is zero, T is called semi-simple, and this
condition is exactly equivalent to L,(T) being semi-simple. If T is semi-
simple, it is a direct sum of simple ideals T and L,(T) is the direct sum of
the L,(T;). If T is simple, then either L,(T) is a simple Lie algebra and T
is not isomorphic to a Lie algebra considered as Lie triple system, or else T is
isomorphic to a simple Lie algebra L considered as Lie triple system and
L,(T)=L&L with involution ¢(a ®b) =b®a: in other words, L,(T) is simple
when considered as Lie algebra with involution, i.e., it has no proper self-
adjoint ideals.
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TueorREM 3.3. Let T be a finite-dimensional semi-simple Lie triple system
over a field of characteristic zero, M a finite-dimensional module. Then H\(T, M)
=0=H*T, M).

Proof. L,(T) is finite-dimensional and semi-simple and M, is finite-
dimensional, thus HY(L,(T), M,)=0=H*(L.(T), M,). But H}(L.(T), M,)
=H~(T, M) is a direct summand of H*(L,(T), M,), and so is also zero for
n=1, 2.

COROLLARY. Under the same hypotheses as in Theorem 3.3, every derivation
of T into M is inner, and every factor set of T into M is trivial.

As shown in [9], the statement on factor sets for semi-simple T can be
used to prove the Levi decomposition for any finite dimensional Lie triple
system E: E=T+R, T semi-simple, R the radical. The Malcev-Harish-
Chandra uniqueness theorem for the Levi decomposition is easy to prove: it
states that, if E=T1+R=T,+R, T; semi-simple, then T is carried onto
T, by an automorphism of E of the form exp(Ad z), z€ [E, R] Cradical of
L,(E), i.e., the automorphism is

1
r—x+ Z [ui)vi’x] +—2—'Z [uirv" ([“J"vi)x]) + .- -foru; € E, v, € R.
i (%)

Such automorphisms form a group since [E, R] is a subalgebra of L,(E).

ProPOSITION 3.2. If T is finite-dimensional semi-simple over a field of char-
acteristic zero, then every finite-dimensional module M is completely reducible.

Proof. Let M’ be a submodule of M; then M. can be considered as a sub-
module of M, and is mapped into itself by ¢, so that the factor module
P=M,/M! can be also considered as module with involution for L.(T). The
sequence of K-modules 0— M, —#M,—P—0 splits, since

Extx(P, M,) ~ Hy(L(T), Homa(P, M,)) = 0,

and so there is a homomorphism of M, onto M, inverse to 7, and commuting
with ¢. This homomorphism maps M onto M’, so M’ has a complement in M.

We can say something about the third cohomology group in case the mod-
ule M =& (with the elements of T being zero-operators) so that M,=® also:

THEOREM 3.4. Let T be simple and finite-dimensional over an algebraically
closed field ® of characteristic zero. Then H¥(T, ®) is either zero or one-dimen-
stonal, according as L,(T) is simple or not.

Proof. If L,(T) is simple, then H3(L,(T), ®) is one-dimensional and
spanned by the class of the cocycle f(x, ¥, 2) = B( [x, ¥], 2) where B(x, y) is the
invariant symmetric bilinear form tr(Ad x Ad y) on L.(T) (see [8]). Since o
is an automorphism, Ad(cx)=0¢-Ad x-07! so B(ox, oy)=B(x, y) and
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flox, 0y,02) =f(x,y,2) = —af(x,y, 2),so that fEZ% (Lu(T),®) and H} (L.(T),®)
=0.

Now suppose L,(T) is not simple, and so is the direct sum L;® L, of sim-
ple ideals mapped onto one another by ¢. Denote L,(T) by L. Then the ex-
terior algebra A (L)~A(L,) ®A(L,) (tensor productof anti-commutative graded
algebras), and so the dual space A*(L)~A*(L,) ®A*(L;). The cohomology
algebra H(L)~H(L,) @ H(L»). Since the L; are simple, H*(L;) = H*(L;, ®) is
zero-dimensional for n=1, 2, and one-dimensional for n=0, 3. Thus H3(L)
= H3(L, ®) is two-dimensional, spanned by the cohomology classes of fi®1*
+1*®f: and fi®1*—1*®f, where the f; are the 3-cocycles of L; described
above and chosen so that fi(A\) =f2(6N) for NEA3(L,). Thus for NSA3(L,),
oNEAY(L2), and (i®1*+1*®f:)(oN) =fa(oN) =fi(N) = (fi®1*+1*®f1)(N) so
fi®1*+1*®f,€2%, and similarly fi®1*—1*®f,€Z3. Thus H¥T, ®)
=H3 (L.(T), ®) is one-dimensional.

BIBLIOGRAPHY

1. E. Cartan, Oeuvres complétes, Part 1, vol. 2, nos. 101, 138, Paris, Gauthier-Villars, 1952.

2. H. Cartan and S. Eilenberg, Homological algebra, Princeton, N. J., Princeton University
Press, 1956. )

3. C. Chevalley and S. Eilenberg, Cohomology theory of Lie groups and Lie algebras, Trans.
Amer. Math. Soc. vol. 63 (1948) pp. 85-124.

4. S. Eilenberg, Extensions of general algebras, Annales de la Société Polonaise de Mathé-
matique vol. 21 (1948) pp. 125-134.

5. N. Jacobson, Structure of alternative and Jordan bimodules, Osaka Math. J. vol. 6 (1954)

pp. 1-71.
6. , Lie and Jordan triple systems, Amer. J. Math. vol. 71 (1949) pp. 149-170.
7 , General representation theory of Jordan algebras, Trans. Amer. Math. Soc. vol.

70 (1951) pp. 509-548.

8. J. L. Koszul, Homologie et cohomologie des algébres de Lie, Bull. Soc. Math. France
vol. 78 (1950) pp. 65-127.

9. W. G. Lister, A structure theory for Lie triple systems, Trans. Amer. Math. Soc. vol. 72
(1952) pp. 217-242.

10. G. D. Mostow, Decomposition theorems for semi-simple Lie groups, Memoirs Amer.
Math. Soc. no. 14, 1955.

11, Séminaire Sophus Lie, Ecole Normale Supérieure, 1954-1955.

12. B. Harris, Derivations of Jordan algebras, Pacific J. Math. vol. 9 (1959) pp. 495-512.

13. E. J. Taft, Invariant Wedderburn factors, Illinois J. Math. vol. 1 (1957) pp. 565-573.

14. K. Yamaguti, On algebras of totally geodesic spaces (Lie triple systems), J. Sci. Hiro-
shima Univ. Ser. A vol. 21 (1957-1958) pp. 107-113.

15. , On the Lie triple system and its gemeralization, J. Sci. Hiroshima Univ. Ser. A
vol. 21 (1957-1958) pp. 155-159.

16. , A note on a theorem of N. Jacobson, J. Sci. Hiroshima Univ. Ser. A vol. 22
(1958) pp. 187-190.

NORTHWESTERN UNIVERSITY,
EvansTON, ILLINOIS



